THE /^-GROUPS AND THE INDEX THEORY OF 
CERTAIN COMPARISON C*-ALGEBRAS 

Q , BERTRAND MONTHUBERT AND VICTOR NISTOR 

(N 

^~>' Abstract. Wc compute the X-theory of comparison C* -algebra 

^ associated to a manifold with corners. These comparison algebras 
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by showing that the comparison algebras are a homomorphic im- 
age of a groupoid C*-algebra. We then prove an index theorem 
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■/> ■ Introduction 

j^ ■ The work of Henri Moscovici encompasses many areas of mathemat- 

ics, most notably Non-commutative Geometry, Group Representations, 
Geometry, and Abstract Analysis. His work on Non-commutative ge- 
ometry, mostly joint works with Alain Connes, has lead to many break- 
throughs in Index Theory and Operator Algebras, as well as to appli- 
cations to other areas. We are happy to dedicate this paper to Henri 
Moscovici on the occasion of his 65th birthday. 
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The problem studied in this paper pertains to the general program of 
understanding index theory on singular and non-compact spaces. On 
such spaces, the Fredholm property depends on more than the prin- 
cipal symbol, so cyclic cocycles are needed in order to obtain explicit 
index formulas. Moscovici has obtained many results in this direction, 
including H il [m [121 [331 IM]. See also [201 [HI [9l [38] • 

One of the central concepts in a recent paper by Connes and Moscovici, 
is that of an abstract algebra of pseudodifferential operators [12]. These 
algebras generalize similar algebras introduced earlier. In this paper, 
we would like to study certain natural C*-algebras associated to non- 
compact Riemannian manifolds, applying in particular the point of 
view of the work of Connes and Moscovici mentioned above. 

Let us now explain the framework of this paper. Let Mq be a com- 
plete Riemannian manifold and let A = d*d be the positive Laplace 
operator on Mq associated to the metric. It is well known that A is 
essentially self-adjoint [131 [H] and the references therein, and hence we 
can define A = (1 + A)~^/^ using functional calculus. Let us also as- 
sume that a certain algebra V = WDn of differential operators is given 
on Mq, where P„ denotes the space of differential operators in T) of 
degree at most n. Let us assume that A G 1^2 and that L^A*^ defines a 
bounded operator on L^(Mo) for any L„ G Vn- Then the comparison 
algebra of Mq (and V) to be the C*-algebra generated by the operators 
of the form L„A" for any L„ G Vn- This definition is almost the same 
as the on in [HI [T5] , where the comparison algebra was defined as the 
C*-algebra generated by all operators of the form LiA for any Li G Pi 
and all compact operators. One of our results. Theorem [H implies that 
the two definitions are the same for suitable Mq. Let us denote the 
comparison C*-algebra of Mq by 2l(Mo) (the dependence on the alge- 
bra V will be implicit). The comparison algebra %{Mq) is a convenient 
tool to study many analytic properties of differential operators on Mq, 
such as invertibility between Sobolev spaces, spectrum, compactness, 
the Fredholm property, and the index [101 [H [ISl [231 [23 [IS]. For 
instance, the principal symbol of order zero pseudodifferential opera- 
tors extends to a continuous map ctq '■ 2l(Mo) — )■ C{S*A) with kernel 
denoted 2l_i(Mo), where S*A is a suitable compactification of the co- 
sphere bundle of T*Mq. 

In this paper, we concentrate on the index properties of elliptic op- 
erators on a certain class of non-compact manifolds, called "manifolds 
with poly-cylindrical ends." Recall that a manifold with poly- cylindrical 
ends is, locally, a product of manifolds with cylindrical ends. Our index 
depends only on the principal symbol, so it takes values in the ii'-theory 
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of the C*-algebra 2l_i(Mo). Index calculations are sometimes necessary 
in applications, for instance in the study of Hartree's equation |2T] and 
in the study of boundary value problems on polyhedral domain [26] . 

More precisely, let us first assume that the given manifold Mq is 
the interior of the space of units of a groupoid Lie Q. Then the Lie 
groupoid structure of Q gives rise to a natural algebra of differential 
operators V on Mq, such as in the case of singular foliations [TOl |2]. In 
general, there will be no natural metric on Mq, and even if a metric 
is chosen on Mq, the associated Laplace operator A ^ V. However, 
if Mq is a Lie manifold [T], then a natural class of metrics exists on 
Mq and A G P for any metric in this class. Recall that Mq is a Lie 
manifold if the tangent bundle TMq extends to a bundle A — )■ M on 
a compactification M of Mq to a manifold with corners such that the 
space of smooth section V := T{A) of A has a natural Lie algebra 
structure induced by the Lie bracket of vector fields and such that that 
the diffeomorphisms generated by vector fields in V preserve the faces 
of M p. 

We shall show that the comparison algebra of a Lie manifold Mq 
identifies with a subalgebra of a homomorphic image of a groupoid 
(pseudodifferential) algebra. For any manifold with corners, we shall 
denote by Vm the Lie algebra of all vector fields tangent to all faces 
of M. Then Vm = ^{Am) for a unique (up to isomorphism) vector 
bundle Am — >■ M. If the vector bundle A ^ M defining a Lie manifold 
M satisfies A = Am, then we shall say that Mq, the interior of M, 
is a manifold with poly- cylindrical ends. In that case, we prove that 
2t(Mo) is (isomorphic to) the norm closure of \l/'^(^). We then use this 
result to compute the K-theory of the algebra 2l_i(Mo) and the index 
in Kq(QI_i{Mq)) of elliptic operators in the comparison algebra of a 
manifold with poly-cylindrical ends. 

Let us explain in a little more detail our results. Let us assume that 
our algebra V of differential operators is generated by C°°{M) and V. 
Let D eV, then the principal symbol of D extends to a symbol defined 
on A*. Assume that D is elliptic, in the sense that its principal symbol 
is invertible on A* outside the zero section. Then the i^-theory six- 
term exact sequence applied to the tangent (or adiabatic) groupoid of 
Q defines a map 

(1) ind„ = indf : K\A*) -> A-o(2l_i(Mo)). 

One of our main results is a computation of the groups Kq{^_i{Mo)) 
and of the map inda in case Mq is a manifold with poly-cylindrical 
ends. 
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Our calculation of the group -^"0(21-1(^0)) is as follows. Consider 
an embedding t : M — )■ X of manifolds with corners and let u be the 
push-forward map in K-iheoiy. Morita equivalence then gives rise to 
a morphism t, : Ko{C*{M)) -^ Ko{C*{X)). Then Theorem [7] states 
that the following diagram commutes 



(2) ind^ 



ind„ 



If the manifold with corners X is such that the natural morphisms 
L, : Kq{C*{M)) -^ Kq{C*{X)) and indf : K\A\) -^ Ko{C*{X)) are 
isomorphisms, we are going to say that X is a classifying space for M. 
In that case, we can interpret the above diagram as a topological index 
theorem in the usual sense. We also obtain an identification of the 
groups Kq{C*{M)) and of the map ind^^. 

Let us now very briefly summarize the contents of the paper. In 
Section [H we introduce comparison algebras and we show that they 
are closely related to groupoid algebras. We show that the groupoid 
C*-algebra '^'^{Qm) and the comparison C*-algebra 2l(Mo) are in fact 
isomorphic for Mq a manifold with poly-cylindrical ends with compact- 
ification M. In Section [21 we recall the definition of the full C*-analytic 
index using the tangent groupoid. In the process, we establish several 
technical results on tangent groupoids. Section [3] contains the main 
properties of the full C*-analytic index. In this section, we also intro- 
duce the morphism j* associated to an embedding of manifolds with 
corners j and we provide conditions for j* and ind^ to be isomor- 
phisms. We also discuss he compatibility of the full C*-analytic index 
and of the shriek maps. This is then used to establish the equality of 
the full C*-analytic and principal symbol topological index. Some of 
the proofs in this paper are only sketched. See [21] for full details. 

We thank Bernd Ammann, Catarina Carvalho, Sergiu Moroianu, and 
Georges Skandalis for useful discussions. The second named author 
would like to thank the Max Planck Institute for Mathematics Bonn, 
where part of this work was completed, for hospitahty and support. 



1. Groupoids and comparison algebras 

We shall need to consider pseudodifferential operators on groupoids 
10]. For simplicity, we shall assume from now on that all our 
manifolds with corners have embedded faces. 
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1.1. Pseudodifferential operators on groupoids. Throughout this 
paper, we shall fix a Lie groupoid Q with units M and Lie algebroid 
A = A{Q). Here M is allowed to have corners. To Q, there is associated 
the pseudodifferential calculus \l/°°(^), whose operators of order m form 
a linear space denoted \l/'^(^), m G M, see [321 HO]. For short, this 
calculus is defined as follows. Let s : Q ^ M he the source map and 
Qx = s~^{x). Then \l/™'(^), ?7i G Z, consists of smooth families of 
classical, order m pseudodifferential operators {P^ G "^"^{Qx)), x G M, 
that are right invariant with respect to multiplication by elements of Q 
and are "uniformly supported." To define what uniformly supported 
means, let us observe that the right invariance of the operators P^ 
implies that their distribution kernels Kp^ descend to a distribution 
kp G /'"(^, M) [291 HO]. Then the family P = (P,) is called uniformly 
supported if, by definition, kp has compact support in Q. 
We then have the following result [^ |30l |^. 



Theorem 1. The space '^°°{Q) is a filtered algebra, closed under ad- 
joints, so that the usual principal symbol of pseudodifferential operators 
defines a surjective 

with kernel '^"^'^{Q), for any m E 1^. 

1.2. Comparison algebras. We shall denote by n the natural action 
of \&°°(^) on C^(Mo) or on its completions and by a_oo the completion 
of 7r(^-°°(^)) acting on all Sobolev spaces //"'"(Mq) -> H'^iMo). Let 
us denote a„ := 7r(\l/"(^)) + a_oo- The following result was proved in 
(see also PES])- 



Theorem 2. The space a := 7r(\&(^)) + a_oo is a filtered algebra by 
the pseudodifferential degree such that ao := 7r(\I^°(^)) + a_oo consists 
of bounded operators, is closed under the adjoint, and is spectrally in- 
variant. Moreover, a_oo is a two-sided ideal of a and 

A := (1 + A)-i/2 ^ ^_^ _ 7ii^-\g)) + a„oo. 

From the above theorem we obtain that the comparison algebra is a 
subalgebra of the norm closure of Oq. 

Theorem 3. Let Mq be a Lie manifold. Then we have that 



Moreover, 2l(Mo) contains all compact operators. 

Proof. Let L„ G Vn- Since A G a„i and Vn C o„ := 7r(\l>~^(^)) + a_ 
It follows that L„A" G Oo, and hence the result. 



■oo- 
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To show that 2l(Mo) contains the subalgebra of compact operators, 
let us notice first that e~*'^ G 2l(Mo), since it can be written as a 
function of A := (1 + A)-^/^. Since C~(Mo) C C°°(M), we have that 
(pe'^^ip C 2l(Mo), and hence the later contains compact operators. To 
show that all compact operators are in 2l(Mo), it is enough to show 
that 2l(Mo) has no invariant subspaces. That is, it is enough to show 
that ii f,g G L2(Mo) are such that the inner product {f,(f)e~^^tljg) is 
zero for all 0, '?/' G C^(Mo), then either f = or g = 0. Indeed, let 
us choose (j^ny'ipn £ C^{Mq) such that 4>nf — > I/I and ipng — ^ \g\ in 
L2(Mo). Then 

{\fle-'^\g\)= hm (/, 0„e-*^V^„(7) = 0, 

which implies that either f = or g = 0, since the heat kernel e~*^ 
has positive distribution kernel. D 

Let Mq be a manifold with poly-cylindrical ends and ^ be a groupoid 
such that A{Q) = Am, where, we recall. Am ^ M is a vector bundle 
such that Vm '■= ^{Am) consists of all smooth vector fields on M that 
are tangent to all the faces of M. A groupoid Q with this property is 
said to integrate Am, and is not unique. However, if the fibers of the 
source map s : Q -^ M are all connected and simply-connected, then 
Q is unique (up to isomorphism) and will be denoted Qm- For Qm the 
vector representation tt is injective [2S1 [3D]. We shall also denote by 
C*{M) = C*(^m). Recall that C^Qm) = "^"KG), [251 [30]. 

The algebra "^{Gm) was considered before by many authors, includ- 
ing [271 [121 [13] . For this algebra, we actually have equality in the above 
theorem. 

Theorem 4. Let Mq be a manifold with poly- cylindrical ends. Then 



2l(Mo) = a^~^o(^^). 

Proof. Let us recall that for manifolds with poly-cylindrical ends the 
vector representation vr is injective on the norm closure '^'^{Gai)- We 
shall thus identify "^^{Gm) with 7r(\l/°(^j\/)). Since the principal symbol 
map acting on both 2l(Mo) and on \1/°(^m) has the same range, namely 
C{S*Am), it is enough to show that 2l_i(Mo) = W^HG) = C*{M). 

Let us notice that we can consider families, so proving 2l_i(Mo) = 
C*{M) is equivalent to proving 2l_i(Mo) ® Co(X) = C*{M) ® CqIx). 
Moreover, the inclusion 2l_i(Mo) C C*{M) is compatible with the 
natural representations of C*{M) associated to the faces of M, as seen 
from their construction in [28]. It is enough then to prove that we 
have isomorphisms on subquotients defined by these representations. 
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which are all of the form 2l_i(Xo) ® Co(X), for some lower dimensional 
manifolds. The proof proof finally reduces to show that /C C 2t_i(Mo), 
where /C is the algebra of compact operators. For this we use Theorem [3] 

D 

For manifolds with cylindrical ends (that is when M has no corners 
of codimension two or higher), this theorem was proved before in [16]. 

2. The analytic index 

2.1. The adiabatic and tangent groupoids. For the definition and 
study of the full C*-analytic index, we shall need the adiabatic and 
tangent groupoids associated to a differentiable groupoid Q. We now 
recall their definition. 

Let ^ be a Lie groupoid with space of units M. We construct both 
the adiabatic groupoid "''^Q and the tangent groupoid ^Q [lOl |22l |23l |32l 
1^ . The space of units of °''^Q is M x [0, oo) and the tangent groupoid 
^Q will be defined as the restriction of "''^ to M x [0, 1]. The underlying 
set of the groupoid '^'^Q is the disjoint union: 

'"'G = A{g) x{0} U ^x (0,cx)). 

We endow A{Q) x {0} with the structure of commutative bundle of Lie 
groups induced by its vector bundle structure. We endow Q x (0, cxo) 
with the product groupoid structure. Then the groupoid operations of 
"■''■Q are such that A{Q) x {0} and Q x (0, oo) are subgroupoids with the 
induced structure. Now let us endow "•'^Q with a differentiable structure. 
To do so, it is enough to specify A{"-'^Q), since its knowledge completely 
determines the differentiable structure of °''^Q [39] . Then 

(3) T{A{-''g)) = tT{A{Gx [0,oo))). 

More precisely, consider the product groupoid Q x [0, oo) with pointwise 
operations. Then a section X e V{A{Q x [0, oo))) can be identified with 
a smooth function [0, oo) 9 t — )■ X(t) G V{A{Q)). We then require 
T{A{'"^g)) = {tX{t)}, with X e T{A{g X [0,oo))). 
It is easy to show that 

Lemma 1. Let H = G x M", as above. We have that C*{Had) — 
C*{gad) ® Co(M") and that C*(^n) ~ C*(^g) ® Co(M"), the tensor 
product being the (complete, maximal) C* -tensor product. 

2.2. The full (:7*-analytic index. For each t e [0, 1], M x {t} is a 
closed invariant subset of M x [0, oo) for the adiabatic and tangent 
groupoids, and hence we obtain an evaluation morphism 
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and, in particular, an exact sequence 

(4) ^ c*f ^Mx(o,i]) ^ c*{^g) ^ c*{A{g)) ^ o. 

Since i^*(C*f^A/x(o,i])) = K,{C*{g) ® Co((0, 1]) = 0, the evaluation 
map Co is induces an isomorphism in ii'-theory. 

The C*-algebra C*{A{Q)) is commutative and we have C*{A{Q)) ^ 
Co{A*{g)). Therefore K,{C*{A{g))) = K*{A*{g)). In turn, this iso- 
morphism allows us to define the full C* -analytic index ind^ as the 
composition map 

(5) indf = ei o e^' : K*{A*ig)) ^ K^C^ig)), 

where ei : C*(^g) -)■ C*(^^Afx{i}) = C*{g) is defined by the restriction 
map to M X {1}. The definition of the full C*-analytic index gives the 
following. 

Proposition 1. Let g be a Lie groupoid with Lie algebroid it : A{g) -^ 
M. Also, let N G F G M be a closed, invariant subset which is an 
embedded submanifold of a face F of M. Then the full C*- analytic 
index defines a morphism of the six-term exact sequences associated to 
the pair {A* (g) , 7r-\N)) and to the ideal C*(^jvO ^ C*{g), iV^ := 
M\iV 

K0(7r-i(iV^)) > K''{A*{g)) > /iO(7r-i(iV)) > K\n~\N')) 



K%c*{gNc)) — > K%c*{g)) — > K\c*{gN)) — > K\c*{gN^)) 

Proof. The six-term, periodic long exact sequence in X-theory asso- 
ciated to the pair {A* (g) , 7i~^ (N)) is naturally isomorphic to the six- 
term exact sequence in K-theory associated to the pair Co(A^^^jy) C 
CQ{A*{g)). The result follows from the naturality of the six-term ex- 
act sequence in K-theoij and the definition of the full C*-analytic 
index (E}. D 

Recall that for M a smooth manifold with corners with embedded 
faces, we have denoted A(^m) = Am and C*{M) := C*(^Af)- Then 
the full C*-analytic index becomes the desired map 

(6) md^':K*{Al,)^K,iC*{M)). 

See [TTl dB] for more properties of the analytic index. 

Remark 5. Assume M has no corners (or boundary). Then ^m = 
M X M is the product groupoid and hence \E'°°(^m) = \I/°°(M). In 
particular, C*{M) := C*{gM) — K,, the algebra of compact operators 
on M. In this case Kq{C* (M)) = Z, and ind^ is precisely the analytic 
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index as introduced by [3]. This construction holds also for the case 
when M is not compact, if one uses pseudo differential operators of 
order zero that are "multiplication at infinity," as in [7]. 

3. Properties of the full C*-analytic index 

The following proposition is an important step in the proof of our 
index theorem. Theorem [HI 

Proposition 2. Let X he a manifold with embedded faces such that 
each open face of X is diffeomorphic to a Euclidean space. Then the 
full C* -analytic index 

md^:K*{A*^)^IQiC*{X)), 

defined in Equation (^, is an isomorphism. 

Proof. The proof is by induction on the number of faces of X using 
Proposition [H the six-term exact sequence in /^-theory, and the Five 
Lemma in homological algebra. D 

Remark 6. The above proposition can be regarded as a Baum-Connes 
isomorphism for manifolds with corners. 

Proposition 3. Let l : M ^ X be a closed embedding of manifold 
with corners. Assume that, for each open face F of X , the intersection 
F n M is a non-empty open face of M and that every open face of 
M is obtained in this way. Then K^,{C*{M)) — )■ _R'*(C*(X)) is an 
isomorphism denoted t* . 

Proof. Recall from [35] that two locally compact groupoids G and H 
are equivalent provided there exists a topological space Vt and two con- 
tinuous, surjective open maps r : fi — )• ^"^^^ and d : Vt ^ H^^^ together 
with a left (respectively right) action of G (respectively H) on Q with 
respect to r (respectively d), such that r (respectively d) is a princi- 
pal fibration of structural groupoid H (respectively G). An important 
theorem of Muhly-Renault-Williams states that if G and H are equiv- 
alent, then K,{C*{G)) ~ K,{C*{H)) [35]. 

Our result then follows from the fact that Q := r~^{M) establishes 
the desired equivalence between Qm and Qx- D 

We can now prove a part of our principal symbol topological in- 
dex theorem. Theorem [HI involving an embedding i : M — )■ X of our 
manifold with corners M into another manifold with corners X. This 
theorem amounts to the fact that the diagram ([2]) is commutative. In 
order to prove this, we shall first consider a tubular neighborhood 

(7) M A f/ 4 X 
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of M in X, so that t = j ok. The diagram ([2]) is then decomposed into 
the two diagrams below, and hence the proof of the commutativity of 
the diagram (|2]) reduces to the proof of the commutativity of the two 
diagrams below, whose morphisms are defined as follows: the morphism 
k^, is defined by Proposition [3] and the morphis j* is defined by the 
inclusion of algebras. The morphism t* is defined by l^ = j* o k^. 
Finally, the morphism k\ is the push-forward morphism. 
Let us now turn our attention to the following diagram: 



K,{C*{M)) 



K 



^ K,{C*{U)) 



-> K,{C*{X)) 



ind 



ind„ 



ind;^ 



K*{Al 



-^ K*{Al 



-> K*{A*x). 



M) 

The commutativity of the left diagram is part of the following propo- 
sition, which is the most technical part of the proof. Its proof is ob- 
tained by integrating a Lie algebroid obtained as a double deformation 
of a tangent space. 

Proposition 4. Let ir : U ^ M be a vector bundle over a manifold 
with corners M and let k : M ^ U be the "zero section" embedding. 
Then the following diagram commutes: 



K,{C*{M)) -^^ K,{C*{U)) 



(9) 



ind^ 



ind;; 



The commutativity of the second square in the Diagram [8] follows 
from the naturality of the tangent groupoid construction. 

Proposition 5. Let j : U -^ X be the inclusion of the open subset U . 
Then the diagram below commutes: 



K*{AIj 



indf 

^ K*{A*x). 



As explained above, the previous two propositions give 
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Theorem 7. Let M ^ X be a closed embedding of manifolds with 
comers. Then the diagram 



(10) 



K,{C*{M))) -^^ /C(C*(X)) 



indr ind;^ 



is commutative. 

4. A TOPOLOGICAL INDEX THEOREM 

Motivated by Theorem [7] and by the resuhs of Section [3] (see Propo- 
sitions [2] and E]) we introduce the following definition. 

Definition 1. A strong classifying manifold Xm of M is a compact 
manifold with corners Xm, together with a closed embedding l : M ^ 
Xm with the following properties: 

(i) each open face of Xm is diffeomorphic to a Euclidean space, 
(a) F ^ F n M induces a bisection between the open faces of Xm 
and M . 

Note that if M C Xm are as in the above definition, then each face 
of M is the transverse intersection of M with a face of Xm- 

Proposition 6. Let M be a manifold with embedded faces with em- 
bedded faces, and l : M ^^ Xm be a strong classifying space of M . 
Then the maps l^ and ind^ of Theorem^^ are isomorphisms. That is, 
a strong classifying space for M is a classifying space for M. 

Proof. This was proved in Propositions [2] and [3l D 

Let t : M — )■ Xm be a classifying space for M. The above proposition 
then allows us to define (see diagram [TU]) 

indf := t;' o indf o., : K*{Al,) ^ K{C*{M)). 

If M is a smooth compact manifold (so, in particular, dM = 0), 
then C*{M) = /C, the algebra of compact operators on L'^{M) and 
hence Ko{C*{M)) = Z. Any embedding i : M <-> M^ will then be a 
classifying space for M. Moreover, for X = M", the map l~^ o ind^ : 
K*{TX) ^ Z is the inverse of ji : K^{pt) -^ K°{TR^) and hence 
ind^ = {j[)^^L\, which is the definition of the topological index from 
[3]. In view of this fact, we shall also call the map ind^ the topological 
index associated to M. Theorem [7] then gives the following result: 
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Theorem 8. Let M be a manifold with corners and Am arid C*{M) 
he the Lie algebroid and the C*-algebra associated to M. Then the 
principal topological index map ind^ depends only on M , that is, it is 
independent of the classifying space Xm, and we have 

indf = indf : K\A\,) ^ K.(C*(M)). 

If M is a smooth compact manifold {no boundary), this recovers the 
Atiyah-Singer index theorem on the equahty of the full C*-analytic and 
principal symbol topological index [3]. 

5. /r- THEORY OF COMPARISON ALGEBRAS 

The isomorphism Kt^{C*{M)) ^ K*{Xm) provides us with a way of 
determining the groups K^,{C*{M)). In particular, we have completed 
the determination of the /f-theory groups of the comparison algebra 
2t_i(Mo) = C*{M), if the interior of M is a endowed with a metric 
making it a manifold with poly-cylindrical ends. 

Theorem 9. Let M be a manifold with corners and embedded faces. 
We have K^{C*{M)) ~ K*{Xm)- Moreover Kj{C*{M)) ® Q ~ Qp^ 
where pj is the number of faces of M of dimension = j modulo 2. 

The last part of the above theorem is proved by showing that the 
Atiyah-Hirzebruch spectral sequence of Xm collapses at E"^. This is 
part of a joint work with Etienne Fieux. 

It is not difficult to construct a classifying manifold Xm of M pTI] . 
that is, a manifold such that t* : A'o(C*(M)) -^ Ko{C*{X)) and 
ind^ : K^{A*x) — >■ Ko{C*{X)) are isomorphisms. Let us assume M 
is compact with embedded faces. The space Xm is obtained from an 
embedding X -^ [0, oo)^ for some large A^, and then by removing suit- 
able hyperplanes from the boundary of [0, oo)^ such that each face of 
M is the transverse intersection of M and of a face of Xm- See also 
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